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1. 1~T~oDucT10N 
The structure of the lower central series of free groups of finite rank is well 
known ([l], [7]). To describe the factor groups of the lower central series of an 
arbitrary group is, however, very difficult. Recently this has been done for 
one-relator groups ([5], [lo]). Such factor groups are important in Burnside’s 
problem ([3], [4]). It seems desirable to obtain results for other groups. 
In this paper we shall study the factor groups arising from groups, G, of a 
special class through the use of basic commutators. We shall assume that G is 
a free product of finitely many groups, G(i), and that every G(i) is the direct 
product of finitely many groups of prime order. The factor groups are then 
either of order one, or they are direct products of finitely many groups of 
prime order, just as the groups G(i). We shall discuss the computation of the 
number of groups of a given prime order in such a direct product. For this 
purpose we shall introduce special sets of basic commutators all of which 
have the same interesting structure. 
2. GROUP THEORETICAL FOUNDATIONS 
We start by giving some notations, definitions, known results, and 
immediate consequences of these results. 
Let G be a group. Let a, 6 E G. Then the commutator 
(a, b) = a-vr’ub. (2.1) 
The lower central series 
G,>G,>--2G,,1- (2.2) 
is the sequence of subgroups defined as follows: 
* Work completed under NSF grant GP 6497. 
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Gi = G. G,, is generated by all commutators (a, b,-i) where a E G and 
b,-l E G,,-, . 
We say that the element c # 1 has weight n = W(c) if c E G, but c $ G,+l . 
It is evident that a E G,, , implies that if W(a) is defined, then IV(a) > n. 
The following properties of the lower central series are well-known 
(PI7 [71): 
If (a, b) f 1, then 
W((a, 4) 2 W(4 + W(b). 
If W(u,) = wi , W(bj) = wa , then 
(2.3a) 
(2.3b) 
If a = c mod GR(a)+l, b = d mod Gwta)+i , then 
(a, b) = (c, 4 mod GR(a)+w~b)+l . 
The Jacobi identity 
(2.3~) 
((a, 4, Nb, 4, W, 4, b) = 1 mod Gv+, , 
where W = W(u) + W(b) + W(c). 
(2.3d) 
In this paper we define basic commutators according to the natural linear 
ordering given in [9]. We shall need them to study the lower central series of 
a group, G, with which we shall associate a free group, 9. To distinguish 
between 9 and G, we shall call the weight in S of an element a E 9, its 
dimension and denote it by D(a); we shall reserve the phrase weight of b and 
the notation W(b) for the weight in G of the element b E G. (G = 9 in a 
special case, where dimension and weight have the same meaning.) 
DEFINITION 2.1. The basic commutators of dimension one are the free 
generators of the free group 9 in the order 
Cl < c2 < *” < c, . (2.4) 
Having defined basic commutators of dimension less than n and ordered them, 
we use these to get the ones of dimension n. The basic commutators of 
dimension n are c, = (ci , cj) where cI and cj are basic commutators such that 
(i) Wi) + D(q) = n, 
(ii) ci > cj , 
(iii) if ci = (c, , c~), then cj > ct . 
(For c,,, we shall write ci = (c,,#, cj = (QR.) Let cnr, = (q, , q,) and 
Cm2 = (ci, , q,) such that D(cn,) = D(cm,). Then cm1 > cm1 if cil > ci, or 
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ci, = ci, , but cjl > ciB . A basic commutator of dimension n is greater than 
any of smaller dimensron. (In this definition we are using the word dimension 
according to its general meaning, since a basic commutator of dimension n 
is in Fm , but not in S,,+r .) Having ordered all basic commutators, we assume 
that their subscripts are chosen so that c2 is the ith basic commutator. 
To proceed we now introduce an auxiliary definition. 
DEFINITION 2.2. Let G have the presentation 
G = (cl , c2 ,..., c,; s1 , sp ,..., st). (2.5) 
(Then G is the factor group F/N, where N is the normal closure of the sub- 
group of 9 generated by the words sr , ss ,.,., st . In particular when t = 1, 
sr = 1 then G = S-.) Let the basic commutator c, be the element of .F of 
Definition 2.1, as well as its image in G under the homomorphism 
9 -+ G = F/N, we shall, however, always mean by the dimension of 
cm[=D(cm)] the number of Definition 2.1. The element a E G, is said to 
be basic-commutator representable (b.c.-representable) if 
a zz c?c? ... c? mod G 21 % +I UJfl' (2.6) 
where the ct are elements of G as well as basic commutators of dimension w, 
cg, < ci2 < a.5 < ci, if h > 1, and or, cs ,..., ch are nonzero exponents. 
The product on the right-hand side of (2.6) will be called a basic-commutator 
representation (or b.c.-representation). 
Before going further we should note an important inequality: If a E 9 and 
nis its image under the homomorphism 9 + G = P/N, then 
when W’(8) is defined. 
(2.7) 
The name basic commutator is appropriate in the sense of the following 
well-known theorem [I] : 
THEOREM 2.1. Every group Sn+l is a normal subgroup of Sk where 
1 < k < n, and every factor group g,, = sl-,/S,,,l is a free abelian group. 
The basic commutators of dimension n (n 2 1) are mapped into a basis of gn 
(under the homomorphism F,, -+ g,, = P,JFa+l) such that every element 
a E 9, which fl, has a unique dimension and a unique b.c.-representation. If 
a, b are distinct basic commutators, then D((a, b)) = D(a) + D(b). Moreover 
.Fn is the normal closure in 9 of that subgroup which is generated by the basic 
commutators of dimension n. 
By the definition of the lower central series we obtain at once the following 
corollary for the group G presented in (2.5). 
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COROLLARY 2.1. Every group G,+l is a normal subgroup of G, where 
1 < k < n, and every factor group G,, = G,JG,+l is an abelian group. The 
basic commutators of dimension n are mapped into generators of ci, (under the 
homomorphism G, + Gn = G,/G,+J such that every element a of weight n > 0 
is b.c.-representable. Moreover, G, is the normal closure in G of that subgroup 
which is generated by the basic commutators of dimension n. 
To compute a b.c.-representation of a group element we have the well- 
known “collection-procedure” [I] available. 
For the above properties of basic commutators, our natural linear ordering 
is not required [l]. It is, however, order preserving under commutation [9]. 
Before stating this result we give some preliminary definitions. 
DEFINITION 2.3. Let a E 9 and have dimension n > 0. The maximal 
component of a, M(a), is then the largest commutator in the b.c.-representa- 
tion (2.6), i.e. M(a) = ci, . 
DEFINITION 2.4. Let a, b E F. The inequalities a > b and a > b shall 
mean that M(a) > M(b) and M(a) 2 M(b), respectively. We shall also 
write a = b and a &b to stand for M(a) = M(b) and M(a) # M(b), 
respectively. 
The following result [9] is of importance in this paper. 
THEOREM 2.2. Let the elements a, b, c E 9 be basic commutators such that 
a > b, a f  c and b f  c. Then (a, c) > (b, c). 
It is evident from Theorem 2.1 that Theorem 2.2 has the alternate, more 
general formulation: 
Let a, b, CE~, such that a > bf 1, c f 1, a + c, b & c. Then 
(a, 4 > (b, 4. 
To apply Theorem 2.2 we shall need more machinery. We shall introduce 
for every basic commutator c its “regular sequence”, [cl, i.e., 
[cl = M , 4 ,..., 41 w-0 
DEFINITION 2.5. The sequence on the right-hand side of (2.8) consists of c 
only when D(c) = 1. Having defined the regular sequences of all basic 
commutators of dimension <n, we define [c] for D(c) = n. The sequence 
[c] = [e, , e2 ,..., e, , cR], where [cL] = [er , e, ,..., e,]. 
At this point we are ready for the important 
LEMMA 2.1. Let C and c be basic commutators such that (i) D(C) > 1, 
(ii) C > c, (iii) [C] = [dI , d, ,..., dh]. Then [M(C, c)] = [dI , e, , e2 ,..., erJ, 
such that e, < e2 < *** < e, is a rearrangement of d, ,..., d,, , c. 
For a proof of this Lemma see [lo]. 
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3. ANALYSIS OF THE LOWER CENTRAL SRRIES OF G IN THE GENERAL CASE 
We shall obtain results by working with special sets of basic commutators. 
We introduce first the P-simple basic commutators. 
DEFINITION 3.1. A basic commutator, c, is F-simple if either D(c) = 1 or 
D(c) > 1 but D(cs) = 1. 
The following is an immediate consequence of Definitions 2.1 and 3.1 and 
of Theorem 2.1. 
LEMMA 3.1. The S-simple basic commutators of dimension < n map into 
generators of ST = P/.%&l under the homomorphism F -+ 9-n, where n > 1. 
M-weover, those of dimension > 1 but < n map into generators of the subgroup 
9” = %7JSn+l C F, where n > 1. 
In this paper we do not investigate 9, but rather a group G as described 
in the introduction. We shall see that there are subsets of the s-simple 
commutators of dimension > 1 which map ,into sets of generators of 
G2 = G,/G,,+l . We shall be especially interested in a distinguished subset 
which helps our analysis of the groups ck = Glc/Gk+l. 
To introduce our generators of &we need first of all additional notation 
to describe G. We supposed in the introduction that 
G = G(1) * G(2) * ... * G(s). (3.1) 
We also supposed that the generators cl, cs ,..., c, of G have prime order 
p(l), p(2) ,..., p(r), respectively. Let 
PI <Pz < *** <P, (3.2) 
be the set of distinct primes which occur among p( l), p(2),..., p(r). We know 
that there exists integers 
0 = n, < n, < n, < mm* < n, = r (3.3) 
so that c~,-,+~ , c,~-,+~ ,.-., c,. generate G(i) where i = 1,2,..., s. Without lack 
of generality, let us order thAe generators of G(i) so that cj has order p(j) = p, 
if ni,k--l < j < nik where 
Since the groups G(i) were assumed to be abelian we know that if the 
s-simple basic commutator, c, is not mapped into 1 under the homomorphism 
.F ---f G, then it must satisfy criterion 1 according to Definitions 2.1 and 3.1. 
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CRITERION 1. If D(c) > 1, then c = (...(cj, , cj,) ,..., cj,) is such that 
there exists a positive integer n, of the set (3.3) which is <Y so that 
jz < n, < j,; i.e. cil and cjz are not generators of the same abelian group G(i). 
Before proceeding to the next criterion1 required in our construction of 
the generators of &, we introduce two preliminary definitions. 
DEFINITION 3.2. A generator, ci (i = 1,2 ,..., r), is a l-commutator. 
Having defined all j-commutators (1 < j < k), we use these to get the k- 
commutators, d, where k is any integer >l. Any k-commutator, d = (e,f), 
where e f f, e and f are s- and t-commutators, respectively, such that s + t = K. 
DEFINITION 3.3. A l-commutator, c, has the generator-sequence (c), 
consisting of itself. Having defined the generator-sequences for all 
k-commutators when 1 < k < w, we do so for the w-commutators. Let 
d = (e, f) be a w-commutator such that e and f have generator sequences 
(4 = <el , e2 ,..., e,) and (f) = (fi , fi ,..., ft), respectively. Then d has the 
generator sequence (d) = (el , es ,..., e, , fi , fi ,..., ft). (If the basic com- 
mutator c is F-simple, then [c] and (c) are evidently identical.) 
We are now ready to state criterion 2. 
CRITERION 2. c is such that every generator, c, (1 < u < w), occurring 
in its generator sequence, (cl , c2 ,..., cw), has the same prime order p. 
Criterion 2 arises in connection with Theorem 3.1 below for which we 
need to define sets Za,b . We shall say that the K-commutator, d, E to the set 
&b if the distinct generators a and b occur in (d). 
THEOREM 3.1. Suppose that d is a k commutator which cL’~,~ such that 
a and b have order p and q, respectively, where p # q. Then d E G,,, for 
u = 0, 1, 2 ,... . 
As a consequence of Definitions 2.1 and 3.1, Corollary 2.1 and Theorem 3.1 
we conclude at once: 
LEMMA 3.2. The S-simple basic commutators of dimension >l but <n, 
w&h also satisfy both criteria 1 and 2, map into generators of the subgroup 
G” = G/G,+1 of G” = G/G,,+1 , under the sequence of ho momorphistns 
c%+G=c?F/N-@. 
1 The following discussions up to Corollary 3.2 can be replaced by a treatment 
based on the results of [6’J We continue, however, with commutators in the spirit of 
this paper. 
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The proof of Theorem 3.1 given below, depends upon the well-known 
commutator identities [ 1, 71: 
(4 4 = (a, w, 4, w, 4 (3.5) 
(Q, 4 = (4 C)(U, b)(k4 4, 4. (3.6) 
Proof of Theorem 3.1. Consider (d) = (dI, d, ,..., d&. Let us suppose 
without lack of generality that a = di and b = dj so that 1 < i < j < k. 
Then 
d = w(d, , d, ,..., drc) (3.7) 
where w is obtained by commutation from the elements of(d). By hypothesis 
dip = d;.q = 1; hence, 
and 
A = W(dl 9 dz ,.a., di-1, di”, di-l,*.+) dk) = 1, (34 
B = w(dl 9 dz ,*a., dj-1 3 djQ, dj-1 ,a..) dk) = 1. (3.9) 
But by repeated use of the identities (3.5) and (3.6) we compute easily that 
A = dpl7, and B = d’117, where the II,, (h = 1,2,3) are words in &-corn- 
mutators, fS , which are such that (i) fS E Za,a and (ii) K, > K. But p and Q are 
relatively prime by hypothesis, and thus there exist integers OL and fl so that 
orp + /Iq = 1. We find then at once that 
1 = AuBe = dl& . (3.10) 
We have shown that every k-commutator, d, which E.Z’~.~ is a word in k,- 
commutators with properties (i) and (ii). Making use of Definition 3.1 and 
relation (2.3a), we arrive at the conclusion of our theorem. 
We are now ready to discuss further consequences of Theorem 3.1. First 
we state without proof the obvious 
LEMMA 3.3. If every S-simple basic commutator of dimension >l but 
<n does not satisfy both criteriu 1 and 2 simultuneously, then 
t% = G,/G,,, (C G = G/G+J, 
es = G2/G,, e3 = G,/G, ,..., en = Gn/Gn+l are all groups of order 1. 
To discuss the more interesting case where G does not have order 1 we 
require additional notation first. 
Let S(j) be that subgroup of G which is generated by precisely those 
elements among cr , ca ,..., c, which have order pi, where 1 <j < q. Let 
[s(i>l” = ~(j)/[Wln+I , where n > 1. 
We are ready now to proceed to 
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THEOREM 3.2. G is the direct product of the q groups [S(j)]“, i.e., 
e = [S(l)]” x [%(2)]” x *** x [LY(q)1”. (3.11) 
The elements of [‘S(j)]n/[3(j)]n+l = [9(j)ln have order pi or 1. 
Pzof. It is easy to see that (3.11) is the consequence of two facts: 
(i) G” has the generators of Lemma 3.2. (ii) Let d be a k-commutator such 
that k > 1 and (d) contains elements e and f  of order p and q, respectively, 
with p # q. Then d E G,,, by Theorem 3.1. 
That the elements of [9(j)ln have order pj or 1 follows at once from 
Corollary 2.1 and relation (2.3b). 
For the subgroup G, of @ we have the immediate 
COROLLARY 3.2. 
G,, = G,JGn+l = [~(l)ln x Pcmz x *** x [~(!I)ln - (3.12) 
We see now that the structure of any factor group @ is completely 
determined by the structure of the corresponding factor groups [S(j)y for 
j = 1, 2,..., q. Accordingly, in the next section of this paper, we shall investi- 
gate only the special case where the generators cr , cs ,..., c, of G = 9 have 
the same prime order p. 
4. THE LOWER CENTRAL SERIES OF THE GROUP 3 GENERATFD BY ELEMENTS 
OF THE SAME PRIME ORDER p 
The F-simple basic commutators are mapped into generators of fi 
according to Lemma 3.1. In an analogous manner, we shall define the set of 
g-simple basic commutators in Definition 4.1 and establish their role as 
generators of @ in Lemma 4.1. 
The basic commutators of dimension n are either S-simple basic commuta- 
tors or commutators of F-simple basic commutators; they are mapped into a 
basis of gn according to Theorem 2.1. In analogy we shall discuss the con- 
struction of bases of 9: and show that the basis-elements are images of 
words in %-simple basic commutators of the special form (4.15a). 
DEFINITION 4.1. c is a g-simple basic commutator if it satisfies four 
conditions: 
(i) c is 9 simple, i.e., either c is a generator, ci , or c = (...(ci, , c~,) ,..., c,~) 
such that c, 3 cjl > cia 3 c, and ciz < cis < -** < ciw < c, . 
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(ii) Criterion 1 (see also Section 3): I f  D(c) > 1, then (ci, , ci,) f  1 in 9’. 
(iii) Criterion 3: If  ci occurs u times in (c), then 1 < u < p. 
(iv) Criterion 4: I f  D(c) > 1 and (cj, , ci,) = 1 in 9 for 1 < T < w, 
then cjl > c, . 7 
LEMMA 4.1. The g-simple basic commutators of dimension <n map into 
generators of CF = ~/~n+l under the homomorphism 9 -+ %;, where n > 1. 
zoreover those of dimension >l, but <n map into generators of the subgroup 
c?Jn = ~2Pn+1 C’%,wheren>l. 
We shall prove Lemma 4.1 through a sequence of preliminary Lemmas. 
To prove these lemmas we must first obtain consequences of the identity (3.6) 
and introduce additional notations. 
Let P,, = Po(a, b) = a, PI = PJa, 6) = (Po(a, b), b) ,... P, = P,,(a, b) = 
Vu&, b), I,... . By repeated use of (3.6) we find at once that 
(a, b2) = P12P2 
and (4.1) 
(a, bY) = P12QyPv for v  > 2, 
where QV is a word in PI , P2 ,..., Pvel which is easily computed by induction 
on V. Evidently PI occurs exactly v  times on the right-hand side of (4.1) and 
Qy does not contain any P;l. In particular, for a and b generators of 9 and 
a > b, we find by repeated use of the identity API = P,A(A, PI) that 
(a, @‘) = [Pl(a, b)Yffda, 4 (4.2) 
where Hr(a, b) is a word in basic commutators of dimension >2 all of which 
4.a; here ,&a has the meaning of Theorem 3.1. 
We are now ready to state our first preliminary Lemma. 
LEMMA 4.2. Suppose c is an F-simple basic commutator of dimension 
w > 1 which satisJies criterion 1 but not criterion 3. Then c = w, where w is 
a word in F-simple basic commutators of dimension <W all of which satisfy both 
criteria 1 and 3. 
For the proof of Lemma 4.2 we first require the identities (4.3) and (4.5) 
below as well as an auxiliary lemma. 
If A = I-I:=, a;i, then 




((a, 4 W, 4, a)@, 44 
= (b, a)(c, a) a-l(c, b) a(a, b) b-l(a, c) ba-t(b, c) a(a, c) b-l(c, a)b (4.4) 
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is well-known ([l], [7]). We shall write it in the form 
((a, 4, c) = (6 a)(c, a)(c, b)((c, b), 4@, 4(@, Na, 4 W? 4 
Making use of (4.3) and (4.5) we establish now the auxiliary 
(4.5) 
LEMMA 4.3. Suppose that c and d are F-simple basic commutators such that 
Cc) = <Cj,, cjs ,*a., ci,), w > I, D(d) = 1 and d -C ci, . The identity 
(c, 4 = %W(c, W& (4.6) 
is then valid in F, where II, and I& are words in St-simple basic commutators vi 
such that: 
(i) 1 < D(va) < w + 1; (ii) if (vi> = (wl , w2 ,..., w,), then wr , ws ,..., w,, 
is a rearrangement of a subsequence of cjl , cjs ,..., cjU , d; (iii) vi < (c, d). 
Proof. We shall proceed by induction on the place of c in the ordering of 
Definition 2.1. For w = 2 we note that cjl > d since necessarily cjl > c,,; 
hence, M[(c, d)] = ((ci, , d), cj,> by Lemma 2.1. By (4.3) and (4.5) we find 
then that 
(C, d) = (Cj, 3 CjB)-l(Cjl 3 d)-l((cj, 9 4, Cj,>-‘(Cj, 9 d>-l 
X (Cj, 3 Cj*>(Cj, 3 dX(cj, 7 4 92)(‘Gl, 4 (4.7) 
which evidently yields our conclusion in the present case according to 
Definitions 2.1 and 3.1. Next suppose inductively that the lemma has been 
demonstrated for c < ck with D(cJ > 2. We proceed then to the smallest 
S-simple basic commutator, c, which is >ck . Let cL = A, CR = b. Then 
(c, d) = c-1&4, d)-IA-‘(b, d)-l(b, d)-lAc(A, d)((A, d), b)(b, d) (4.8) 
by (4.5). Now A < c by Definition 2.1, and (A, d) < c by Theorem 2.2; 
moreover, z = (A, d) is then either an ~-simple basic commutator or it is 
a word in g-simple basic commutators, x, , of the form (4.6) according to the 
induction hypothesis such that all the x, < c. Applying Lemma 2.1, the 
induction hypothesis and relations (4.3) and (4.8) we then easily obtain our 
conclusion for (c, d). Our induction proof has been completed. 
We are ready for the 
Proof of Lemma 4.2. We shall again proceed by induction on the place of c 
in the ordering of Definition 2.1. Evidently w 2 p + 1 by Definition 3.1. For 
w = p + 1 we must consider two cases: (i) c = P9(u, b), (ii) c = P&(u, b), a). 
In both cases a > b and (a, b) f 1. For cases (i) we note that PJu, b) is 
a word in Pl(u, b), P2(u, b) ,..., P9Ju, b) according to (4.1) since bp = 1; 
we have thus shown that the lemma holds for PJa, b). In case (ii) we find by 
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repeated application of (4.3) to Pr((a, b), u) = P,((b, a)-l, Q), Pa((a, b), a) = 
P,((b, a)-l, a) ,..., PV((u, b), u) = P,((b, a)-l, u) that 
P”((4 b), a) = S”(Pl(4 a), Pz(b, 4,..., P”,l(b, 4 (4-9) 
where S, is a word in PI , Pz ,..., Pv+l . For v = p - 1 in particular we find 
then just as in case (i) that P&(u, b), u) is a word in the commutators 
P,(b, a), Pa@, a),..., P,-,(b, a). H ence, PD_J(u, b), a) is also a word in 
Po((u, b), a), Pl((u, b), a) ,..., PDJ(u, b), a) according to (4.3), and we have 
demonstrated the lemma for w = p + 1. Next suppose inductively that the 
lemma has been demonstrated for c < ck with D(ck) > p + 1. We proceed 
then to the smallest %-simple basic commutator, c, which is >c, and satisfies 
the hypotheses of the lemma. Here we must also distinguish between two 
cases: (i) cL does not satisfy criterion 3, (ii) cL satisfies criterion 3. In case 
(i) EL is by the induction hypothesis a word in P-simple basic commutators of 
dimension <D(c) - 1 = w - 1; hence, c is by identity (4.3) and Lemma 4.3 
a word in s-simple basic commutators of dimension <w. By Definition 2.1 
and our induction hypothesis we then obtain our conclusion for case (i). 
In case (ii) we start from the generator sequence (c) = (ci, , cja ,..., cj,). 
Evidently cjo occurs exactly p times in (c). If Cjl f cjw then it is easily seen 
that c gas the form P@(e, ci,) and is thus a word in Pl(e, cj,), Pz(e, q,),..., 
P&e, cj ) by relation (4.1). It remains to suppose that cjl = cjw which we 
shall do i: the rest of this proof. We observe that Cjr f cjo and Cjs $ Cjw since 
D(c) > p + 1. Now w > 3 by Definition 2.1, and it is then easily seen that 
d = (...((c. c. ) c. ) c. c. 31 7 3s 9 34 9 35 ,***3 3. ) is a basic commutator which is *-simple, 
is <c and satisfies criterion 1, but not criterion 3. Making use of the induction 
hypothesis, Definition 2.1, Lemma 2.1, Lemma 4.3 and the identity (4.3), we 
compute then (d, cj,) and find that c is a word in F-simple basic commutators 
of dimension <w which satisfy both criteria 1 and 3. Our induction proof of 
the lemma is now finished. 
We are ready to proceed to our last two auxiliary lemmas. It is evident that 
the important Lemma 4.1 is a trivial consequence of Lemmas 3.1 and 4.2 
and of 
LEMMA 4.4. Every S-simple basic commutator, c, of dimension w > 1 
which sat&jies both criteria 1 and 3, is =w, where w is a word in B-simple basic 
commutators of dimenskn >I but <w. 
To prove Lemma 4.4 it is evidently sufficient to consider the special case of 
LEMMA 4.5. Let c be an F-simple basic commutator which satisfies criteria 1 
and 3, but not criterion 4. Let (c) = (cj, , cjt ,..., cj,). Let T be the largest 
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integer such that ci, OCCUYS in (c) and (ci, , cj,) = 1, and let 8 = w - 7. For 
6 = 0, let the 3-simple basic commutator, d, be such that 
where d, , d3 ,.,., d, is that rearrangement of cjl , cja ,..., ciW-, for which 
d, < d3 < ... < d, . Then c is a word, w, in S-simple basic commutators, ui , 
of dimension >l but <w and such that if (I+> = (wl , wz ,..., w,,>, then 
Wl P w2 ,..., w,, is a rearrangement of a subsequence of cjl , ciz ,..., cio . Moreover, 
w is a word in d and in g-simple basic commutators of dimension <u, when 
6 = 0. 
Proof. We shall again proceed by induction on the place of c in our 
natural linear ordering of Definition 2.1. Evidently D(c) = o > 3. For 
w = 3, we have c = ((cj, , cj,), cj,) with (cj, , cj,) = 1 and cis > cj,; thus 
(4.5) yields 
and we have verified the conclusion of our lemma in the present case. Next 
suppose that we have already proven our lemma for c < ck , where O(c& > 3. 
We proceed next to the smallest commutator, c, which satisfies the hypotheses 
of our lemma and >c, . For 6 > 0 we note that e = (...((ci, , cj8), cj,) ,..., ci,-J 
is by the induction hypothesis and Definition 2.1 a word in g-simple basic 
commutators, zI, such that every zt has dimension >l but <w - 6, and 
also has x R < c r --. 3,-8. Applying relation (4.3) repeatedly we compute easily 
that c itself = a word, w, which has all the properties required by our con- 
clusion. It remains to examine the case S = 0 for which we write (CL.)” = A, 
(c”)~ = cjGl = g, cR = cjm = h. Then 
c = (4 d-V, WHh, g) 44 g)(4 WA, 4, g)(h, g)-’ (4.11) 
by the identity (4.5). But a commutator among A, (A, g), (A, h) and (h, g) 
is either ===I or is by Definition 2.1 an F-simple basic commutator of 
dimension > 1 but <w, so that (i) its generator sequence is a rearrangement of 
a subsequence of (c), (ii) it satisfies criteria I and 3; by the induction 
hypothesis it is then a word in %-simple basic commutators of dimension > 1 
but <w all of which have the properties of our conclusion. It remains to 
rewrite 2 = ((A, h),g) as a word in Y-simple basic commutators. We have 
just seen that (A, h) is a word in g-simple basic commutators, s, , with all of 
the special properties of our conclusion; and thus 2 is by (4.3) a word in all 
of the commutators s, and (s, , g). But by Lemmas 2.1 and 4.3 and the 
induction hypothesis we find easily that (so, g) itself is a word in 9-simple 
basic commutators of dimension > 1 but <w, all of which have the required 
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properties of our conclusion, except for s, = s = (...((ci, , ea), es),..., ewTl) 
where e2 < es < *** < e,-, is a rearrangement of cjl , cjr ,..., cjoba . When 
cjl < g = CjtiI 3 then (s,g) evidently =d. We must still express (s,g) by 
9?-simple basic commutators in the case c,~ > g for which we make use of 
identity (4.5) again. We find that 
(s, g) = s-w, mwv, g)-w se ,a(+, 8, ~w, d. (4.12) 
Now SR = cjl by Definition 2.1. It is then easy to verify from our knowledge of 
0) that s, sL, (sL, g) ad P, g) are either =l or are 9-simple basic commuta- 
tors of dimension > 1 but <w with the required properties. Also it is evident 
that ((sL, g), P) = d. We have thus proven that c can be rewritten under all 
circumstances as a word in B-simple basic commutators in the manner of our 
conclusion. Our induction proof is now complete. 
Having finally established the role of ‘Z-J-simple basic commutators as 
generators of groups 6, we are ready to continue the development of the 
analogy between 9 and 9. It was stated in Theorem 2.1 that every element a 
of 9 of dimension n > 0 can be represented uniquely by basic commutators 
of dimension n; we also know by Definition 2.1 that these basic commutators 
are words in s-simple basic commutators. We shall show that any element 
b of 99 of weight n > 0 can be represented uniquely by appropriate basis 
elements of 3: which are words in g-simple basic commutators. 
Consider an element e E 9 which fl ; let us express it as a word in the 
generators cj (1 < j < r). All of the ci have order p and we find by 
“collecting” first ci on the left, then c2 on the left,..., finally c, on the left that 
(4.13) 
where 0 < 0~~ < p - 1 (z’ = 1,2 ,..., Y) and Q E 9a . But by Lemma 4.1 
where 7t > 1 and w is a word in the Y-simple basic commutators 
Cjl < Cjr < *** < cj, of dimension >l but <n. Let us continue with the 
“collection-procedure” and rewrite the word w. To state the result of this 
rewriting we require now a preliminary definition. 
DEFINITION 4.2. The generators cj (1 < j < Y) are the fundamental 
commutators of dimension 1. Having defined all fundamental commutators 
of dimension 21 but <w, we define those of dimension W. A basic 
commutator, c, of dimension w is a fundamental commutator if either c is 
‘9 simple or else c is not g-simple, but cL and CR are both fundamental. (We 
shall be interested in the fundamental commutators as elements of 9. Since 
481/14/z-8 
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they are basic commutators we speak of their dimension, rather than their 
weight in accordance with our general usage. However, if D(c) = w, then 
c E gU and W(c) > w by inequality (2.7).) 
Let cil < cia < ... < ciP be the fundamental commutators of dimension 
<n. “Collecting” first ci,+, on the left of w, then ci r+a ,*-*, 
by inequality (2.7) that 
finally cil, , we find 
where ci, = c, and or = 0~~ for r = 1,2,..., r. Theorem 3.2 asserts that the 
elements of $<(w > 1) have order 1 or p. Thus if x E ‘?JU , then xv” E 99U+o! 
for 01 = 0, 1,2,...; in particular if D(c) = w, where c is a fundamental 
commutator, then cz E $a+ . We conclude that we may restrict the r]7 by 
the inequalities 
OG%<P for D(c,r) = 1, 
0 < 7jr < pn+l-” for n>D(~r)=~>l. 
(4.16) 
Hence, if there are +(w) fundamental commutators of dimension w, then 
cqn) < p’ fi p(n+l-iwml 
f=2 
(4.17) 
for n > 1, where Q(n) is the order of @. 
Next let us turn our attention to the subgroup 9; of @. It is clearly finite 
and abelian; by Theorem 3.2 its elements have order p or 1. It is well-known 
[l] that such a group has finite bases (= independent generating sets) and a 
unique rank, h = h, , where by rank we mean the number of elements in 
a basis. By the preceding discussion we know that any element in a basis must 
be the image in 5 under the homomorphism 9 + B/9=+‘,,+r = @, of a word 
in g-simple basic commutators, in analogy to the basic commutators in e 
this word must have the special form 
(4.15a) 
where the v7 are restricted by (4.16). Furthermore, if we call the words 
“1 , w2 ,***, wA which map into such a basis, Q-basic commutators of weight n, 
then it follows from the independence of the basis elements that any element 
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a of weight n has a unique “-b.c. representation” in analogy with Theorem 
2.1, i.e., 
as5 ii mie mod g,,,, (4.18) 
tl=l 
where the exponents Q are unique and are >0 but <p. 
As a first step in determining the rank of g,, , when n > 1, let us derive an 
inequality for h, . By the “collection-procedure” we evidently find that all 
of the exponents Q , Q ,..., r17 in the expression (4.15) vanish, when e E ga . 
Since PYn C Ce, for n > 1 and since 9, is abelian, we conclude that S?, is a 
subgroup of an abelian group, -c4, which is generated by TV - r elements. 
Thus any set of independent elements of JZ’ consists of at most p - r elements 
[l]. Hence, 
hz < CL - y = i d(i). (4.19) 
j=Z 
Having proven the inequality (4.19), we wish to find a specific basis of g,, 
and thus replace (4.19) by an equality. For this purpose we propose to 
construct first a representation of @ and then to obtain from it a basis of 
the subgroup qn . This last step may be accomplished according to Corol- 
lary 2.1 by applying the representation of ?@ to the group generated by the 
images in F- of the basic commutators of dimension n. 
Let c,+~, cui2 9...y c,+, be the basic commutators of dimension n + 1. 
Lemma 4.1 tells us in particular that any such basic commutator c, has the 
form \ 
c, = WA , (4.20) 
where w,, is a word in g-simple basic commutators of dimension >l but 
<n + 1 andz,,ES’n+2. Let 3 have the representation (2.5). By Corollary 2.1 
we know then that % has the representation 
@ = (cl, c2 ,..., C, ; sl , s2 ,..., St, w~+~z~+~, ~~+~a,+~ ,..., w~+vz~+,) (4.21) 
It is reasonable to suppose that our program of finding a basis can be 
carried out in general with the help of (4.21) after computing all the w, . 
Indeed this has been done in the special case p = 2, [8], by making use of 
properties of our linear ordering of basic commutators and above all of the 
simple relation 
1 = (a, b2) = (a, b)2((a, b), b) (4.22) 
which the identity (3.8) becomes for b2 = 1. It was found that a basis of 
@(n > 2) consists of the images of all elements c 2n-D(o) , where c is a funda- 
mental commutator of dimension >,2 but <n. Hence, X, = Zk2+(j) in 
this case, in place of inequality (4.19). 
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The author has been unable to generalize the above special result to 
arbitrary primes, p. He conjectures, however, that one can always construct 
a basis of K which includes the images in @ of all of the fundamental 
commutators of dimension 71. This implies among other things the independ- 
ence of the images in * of the g-simple basic commutators of dimension II 
in analogy to @, the images in fi of the F-simple basic commutators of 
dimension n are certainly independent, since these images constitute part of 
a basis of Pn . 
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